1 In standard optics, the complex field amplitude ψ(r, t) is an analytic extension of respective real amplitudes ψ r (r, t) that in principle might could be measured and recorded in terms of real values, the former obtained by inverting the Fourier transform,ψ(r, ω),ofψ r (r, t), but truncating the negative frequencies, ω,hence,
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Helioseismology
The advent of solar seismology is widely recognized as the independent discoveries by Leighton, Noyes & Simon (1963) and Evans, Michard & Servajean (1962) of Doppler oscillations in the Sun's surface, mostly with periods ranging from about 2 to 8 minutes. This was recognized as the surface signature of waves traveling beneath the Sun's surface. These waves, now understood to be generated by convection a few hundred km beneath the Sun's surface (Stein et al. , 2004) , penetrate deep beneath the surface, filling the solar interior. The idea of using observations of these waves as a diagnostic of the Sun's interior structure was introduced by Ulrich (1970) , and developed at length by Deubner (1975) and Rhodes, Ulrich & Simon (1977) . Continued development followed many different avenues, some of these similar in some ways to geoseismic diagnostics of the Earth's interior. Indeed, helioseismic holography and "migration theory", the latter developed by Claerbout (1970) for applications in geoseismology, share basic concepts in wave optics in very similar contexts. However, solar seismology has overwhelming advantages, both in the quality, extent and uniformity of the observations and in the optical quality of the solar interior as an acoustic medium. Solar seismology gave us maps of the solar interior rotation rate (Rhodes, Deubner & Ulrich , 1979) , affirming that the Sun is a differentially rotating fluid, its convection zone continuously being warped as the equatorial region rotates significantly faster than the inner polar region and the outer equatorial convection zone rotates faster than the deep convection zone. Helioseismology is also the significant observational basis of our present understanding of the thermal structure of the solar interior in standard models such as Christensen-Dalsgaard, Proffitt & Thompson (1993) . Solar seismology has been largely developed along two significantly separate lines. What is now generally recognized as "global helioseismology" views the Sun as a system of harmonic oscillators and relies heavily on the frequencies of its thousands of normal modes to build a model of the general thermal structure of the Sun and how different layers of it rotate. These diagnostics give us significant discrimination in depth and some in latitude, but none in longitude. What is recognized as "local helioseismology" uses perspectives that tend to be more familiar to optics to focus on relatively compact regions. The local discrimination our eyesight gives us is a benefit of a phase coherence that is preserved in the medium through which the light we see propagates. Coherence is a crucial benefit to all aspects of solar seismology as well. Following developments by Zernike (1938) and van Cittert (1939) , coherence has come to be formally expressed by a complex "mutual coherence function", Γ(r, r ′ , τ)= ψ(r, t)ψ * (r ′ , t + τ) ,( 1 ) correlating complex wave amplitudes ψ(r, t) and ψ(r ′ , t + τ) at points r and r ′ in space, where the angular brackets indicate an averaging of their contents over time, t (see Born & Wolf , 1975a) . 1 This has a strong analogy in a broad spectrum of diagnostic techniques in local helioseismology called "time-distance helioseismology" (Duvall et al. , 1993) . Computational seismic holography is among these techniques, and can be expressed in terms of mutual coherence functions. The mutual coherence function, Γ(r, r ′ , τ),o f f e r s a statistical facsimile of ψ itself where optical technology is insufficiently fast to capture and record the temporal variations of ψ directly. The heart of this facsimile is in that Γ(r, r ′ , τ) obeys the same wave equation as ψ,inboth(r, τ)-space and (r ′ , τ)-space. A powerful technique in electromagnetic optics for deriving information on Γ(r, r ′ , τ)-and fundamental to the development of electromagnetic holography-has been the superposition of electromagnetic fields, ψ(r, t) and ψ(r ′ , t ′ ), nominally destined to arrive at separates points, r and r ′ , at separate times, t and t ′ , onto the same region at the same time, so that they interfere. The resulting interference fringes, give us phase information about Γ that registers on a photographic plate, a medium normally sensitive only to intensity, not phase. The development of electromagnetic holography in the 1960s used this interference-based technique very effectively, benefiting from the long coherence lengths of monochromatic radiation from lasers. The major practical difference between helioseismology and the electromagnetic optics familiar to electromagnetic holography is our ability, in the case of the former, to map the wave-mechanical field, ψ, in temporal detail as well as spatial, sampling it several times over its acoustic period, 2π/ω, over most of the Sun's visible hemisphere for weeks, even months, with infrequent interruptions. Also relevant is that acoustic radiation in the solar interior is highly polychromatic; its coherence length is less than the mean wavelength of the acoustic spectrum. However, having a clear temporal record of ψ covering a large fraction of the Sun's surface circumvents the need for a statistical facsimile of ψ,s u c ha sΓ, to determine phase-coherent extrapolations of either ψ or Γ into a wave-mechanical medium. The extrapolation can simply be applied to ψ directly, according to the laws of wave mechanics as we understand them. Moreover, we can do this not just at a single monochromatic frequency but over the entire acoustic spectrum accessible to helioseismic observations. This turns out to be a great benefit, since the times required to accumulate statistics at minutes-long helioseismic periods are much greater than for the femtosecond periods of visible light.
Computational holography of helioseismic observations, then, is not based on any facsimile of the superposed monochromatic reference beams familiar to electromagnetic holography. The lack of such a facsimile has made it somewhat unfamiliar to some interpreters of electromagnetic holography. However, the object is the same: the extrapolation of some phase-coherent attribute of the wave-mechanical field, ψ, from the surface that samples it a macroscopic distance therefrom, based on a phase-informative record of the signature ψ manifests at the sampling surface. This idea was first proposed by Roddier (1975) . It was later re-introduced by Lindsey & Braun (1990) as a proposed means of viewing solar activity in the Sun's far hemisphere, i.e., viewing it acoustically from the near hemisphere through the intervening interior medium. Further developments are described by Braun et al. (1992) , Lindsey et al. (1996) and Lindsey & Braun (1997) , the latter expressing seismic holography in the context of the more-recently introduced time-distance helioseismology (Duvall et al. , 1993; 1996) , and by Chang et al. (1997) , Braun & Lindsey (1998) , , Chou (2000) , and . The technical ability to accomplish holographic extrapolations without recourse to the coherence function, Γ, does not detract in any way from the usefulness of Γ in solar seismology. On the contrary, the temporal discrimination helioseismic recordings of ψ give us allows us to compute Γ(r, r ′ , τ) directly from ψ without recourse to superposition and interference on a medium that is sensitive only to intensity. This is a major element of time-distance helioseismology, upon which the development of helioseismic holography has drawn heavily (Lindsey & Braun , 1997; , and of which of helioseismic holography can now conveniently be regarded as substantially a chapter.
Basic principles of solar acoustic holography
The computational technique upon which helioseismic holography is based is best expressed in the context of a simple example, introduced by . Consider an ideal acoustic medium, such as we suppose the solar interior to approach, with one or more monopolar acoustic emitters submerged into it. Figure 1 illustrates such a scenario with two such sources, monochromatic in this instance, at significantly different depths, representing surfaces of constant phase at a particular instant as wave fronts. The only visible manifestation of this acoustic field, ψ(r, t), is the disturbances that appear at the solar surface, S 0 ,w h i c h generally first appear at the point on S 0 directly above the source whose issue they represent and propagate outward along S 0 therefrom. The motion of these disturbances across S 0 is the basic content of helioseismic observations of the solar surface in such a scenario. Suppose now that we have a detailed record of the foregoing disturbances over some domain, R,ofS 0 for a period of at least a few oscillatory periods. Elementary computational acoustic holography consists of the following exercise:
1. applying these disturbances in some domain, P∈S 0 , in time reverse to the surface, S 0 ,of an acoustic model of the solar medium that itself is devoid of sources, absorbers or other significant anomalies, 2. allowing the model to propagate the resulting disturbances backwards into its interior, and 3. sampling the regressed acoustic field in some domain within the model. Figure 2 illustrates steps 2 and 3 for the instance of a sampling domain that is a surface, S z ,of constant depth, z, beneath S 0 . We call the time-reversed acoustic field, H + (r, t),inthemodel the "coherent acoustic egression", in that H + (r, t) represents a disturbance manifested by a wave, ψ,thathadarrivedatthesolarsurface,S 0 , with every apparent intention of egressing through it from the interior of the medium-such as in the case a medium that would provide 83 Computational Seismic Holography of Acoustic Waves in the Solar Interior www.intechopen.com Fig. 1 . Seismic waves emanating from submerged sources produce surface disturbances that propagate circularly outward along the solar surface from points directly above said sources, as indicated by generally out-going arrows.
somewhere for it to go after passing through S 0 , or in the case a surface boundary that would simply absorb it. Once the submerged acoustic field, H + , is recorded, a broad variety of applications are possible. The ideal analogy to what our eyes appear to give us, or a photographic plate, is the mean acoustic power. When such an averaging is applied directly to the acoustic field, ψ, we see at the solar surface, i.e., |ψ(r, t)| 2 , we call it an "acoustic-power map". Similarly applied to the acoustic egression, |H + (r, t)| 2 , the result is an "egression-power map". Based on our experience of optics, when the sampling surface sits at the depth of a source, |H + (r, t)| 2 should be characterized by a relatively compact signature, one that we recognize to be "in focus". This is supposedly the case for the source on the left in Figure 2 , as represented by the egression-power plot at the bottom of the panel. If the sampling surface is moved substantially above or below the source depth, the signature remains extant, but spreads out of focus. Hence, when the sampling domain is a surface region, such as S z ,w e often call it "the focal surface". If S z is planar in some approximation, we often call it the "focal plane". A particular point r in S z can be called a "focal point", or simply a "focus" of the regression computation. The domain, P,o nS 0 over which the observations, ψ,w e r e applied in time reverse is called the "pupil" of the regression computation. In practice, it turns out to be fairly straight-forward to specify a pupil that is dependent upon the focus. This has strong advantages we will explain in the following section.
The computational task
A fundamental character of wave mechanics in a medium that preserves coherence is the possibility, at least in principle, of reconstructing, from measurements of a wave-mechanical field, ψ, in a thin surface, S, significant information about ψ a long distance from S-and an appropriately long time before or after the measurements. In relatively simple applications, this extrapolation is made in a medium that is relatively uniform, such as air. For simplicity, we will begin with a brief review of the concept for this case, and then extend the formalism Fig. 2 . Coherent computational regression of the surface acoustic field into the supposed solar interior. Surface disturbances recorded in the neighborhood overlying submerged sources are applied in time reverse to a sourceless acoustic model of the solar interior and computationally conducted back into the model interior. The underlying acoustic field differs in important respects from that actually produced by the sources. Nevertheless, a well-appropriated sampling of the regressed acoustic field renders localized sources with strong, compact signatures at appropriate depths. The seismic signature of a source that lies considerably below or above the sampling surface is rendered by a signature that is substantial but significantly out of focus.
for this to accommodate the significantly non-uniform solar interior. The former is the object of the Helmholtz-Kirchhoff integral theorem. For a formal elaboration of Helmholtz-Kirchhoff theory, we refer to Born & Wolf (1975b) . Provided an appropriately uniform medium described by a scalar wave-mechanical field, ψ, the Helmholtz-Kirchhoff integral prescribes ψ(r, t) at any location, r, in the interior of a closed region, V, and at any time, t, in terms of the values of ψ and its normal derivative, ∂ψ/∂n,on the boundary, ∂V,ofV in a range of "retarded times", t ret , appropriately prior to t:
where
and
Will-be-set-by-IN-TECH to write equations (3-5) in the alternative form:
in which δ signifies the Dirac-delta function, and G + the "monopolar Green's function" of the medium.
A great deal of the practical substantiality of optics can be regarded in terms of a simple adaptation of the Helmholtz-Kirchhoff integral when nothing like the entirety of ψ or its normal derivative are accessible over anything like the entirety of any surface enclosing the specimen we propose to look at. For example, when we use our eyes to look at a luna moth ten meters from the surfaces of our corneas, the combined solid angle subtended by the two pupils of our eyes is only a few millionths of the 4π steradians over which the moth scatters radiation that hits it. It is well known that what our eyes give us is far from a complete representation of the electromagnetic field in the neighborhood of the moth, even in the relatively uniform electromagnetic medium exterior to the moth. We nevertheless learn a remarkable amount about moths from this incomplete representation. Based on this, we generally treat the incomplete representation such as that rendered by our limited pupils to be an important component of some aspect of the electromagnetic field in the neighborhood of the moth. Helioseismic observations give us a representation of the acoustic field, ψ,i nt e r m so ft h e line-of-sight component of the motion of the medium, measured by the Doppler shift in a photospheric line over the Sun's near hemisphere. Hence, we propose to express the incomplete phase-coherent regression of ψ by the application of just the left term in the large parentheses in equation (6) over a limited region, P,ofthesolarsurface:
The point r is the aforementioned "focus" of the acoustic regression, introduced at the end of §1.2. The region, P, over which the integral over d 2 r ′ is taken is the "pupil" introduced directly thereafter. As mentioned at the end of §1.2, the pupil can be dependent upon the focus, r. Indeed, it is generally useful to have the pupil "follow" the focus, keeping the same relative spatial relationship to it everywhere possible, so that effects such as diffraction will be as uniform as possible. The extension of the Helmholtz-Kirchhoff formalism to a non-uniform acoustic medium entails two significant adaptations to uniform acoustics:
1. The non-uniformity of the medium is expressed by an appropriate revision of the Green's functions, G + and G + . In the case of a uniform medium, G + could be-indeed was-expressed as a function of a single scalar, |r − r ′ |, greatly simplifying computational logistics. This is no longer so in solar-interior acoustics. In a spherically-symmetric 86 Holography -Different Fields of Application
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Computational Seismic Holography of Acoustic Waves in the Solar Interior 7 medium, however, both G + and G + can be expressed as functions of the depth of r and the angle between r and surface r ′ as projected from Sun center.
2. The solar interior is dispersive. Hence, the temporal dependencies of neither G + nor G + are the infinitely sharp Dirac delta function expressed by equation (7).
For a discussion of means by which realistic Green's functions, G + and G + , can be determined in a medium such as the solar interior, we refer to . The computation of H + is greatly facilitated in the frequency domain of the temporal Fourier-transforms of the contestants, by the convolution theorem, which eliminates the integral over time. Thus,Ĥ
whereĤ + ,Ĝ + andψ signify the temporal Fourier transforms of H + , G + and ψ, respectively. As mentioned in the context of Figure 2 , it is often useful to render H + (r, t) over a surface, S z ,atafixeddepth,z, beneath S 0 . For that purpose, we express the location, r,ofthefocusby asingledepth,z, and the point ρ overlying it on S 0 , which we equate to the unit sphere:
This way, we can regard the derivation of H + on S z from ψ on S 0 , under the specification of appropriate time intervals, regional domains and an appropriate pupil, to be the action of an operator, P + (z), applied to ψ:
We call P + (z) the "(coherent acoustic) regression" operator under the foregoing specifications.
Subjacent-vantage holography
The diagrams shown in Figures 1 and 2 render the acoustic source as viewed acoustically from above it. This is called "superjacent-vantage" seismic holography. A major complication in solar-interior holography confronted in §1.3 is the acoustic non-uniformity of the solar model, even one that is devoid of local anomalies. The Sun's center is more than 2000 times the temperature of its surface. This is incumbent to a temperature that increases inexorably with depth, z. The sound speed, c, increases with depth accordingly, manifesting strong refraction. Optics in the ray approximation in the solar interior prescribe ray paths, according to Snell's law, whose incidences from vertical inexorably increase with depth. Hence, the solar interior landscape, if there were one, would appear very warped to an acoustic eye that was accustomed to optics in a uniform medium. Indeed, most of the acoustic radiation generated just beneath the surface is refracted back to the surface within a few tens of thousands of km of its source. This adds to the general complication introduced by the optical warpage in an important respect: The major acoustic sources are in essentially the same surface as the pupil-or only barely beneath it. The solar interior more than a few hundred km beneath the surface plays a role in helioseismology only for that component of the acoustic disturbance that propagates downward, penetrating to a significant depth beneath the surface before refracting back to the surface. An important diagnostic option for this component of acoustic radiation, then, is to focus the computation at the very surface on which it is detected. Holography from this perspective is called "subjacent-vantage" holography. Figure 3 illustrates this application of solar seismic holography in an annular pupil surrounding the surface focus. In the familiar case of 87 Computational Seismic Holography of Acoustic Waves in the Solar Interior www.intechopen.com a uniform medium, the ray paths would be straight, and prospective "acoustography" accomplished by a submerged acoustic camera as represented by the lens at the bottom of the Figure. Hence, subjacent-vantage holography of the surface shows the surface in the neighborhood of the focus as it would be seen looking up into it from beneath the surface. For a rough electromagnetic analogy to subjacent-vantage holography, imagine a photographer using a mirror to photograph an insect on the lens of his camera. This may strike the reader as strange approach to entomology, but, the ability to focus our diagnostic on something we can directly see in electromagnetic radiation offers an exceptionally opportune control resource not to be left begging.
. Subjacent-vantage imaging is the result of a holographic regression in which the focal plane is shallow compared to the inner radius of the pupil. This configuration images seismic radiation that is initially emitted downward from the source and penetrates thousands of km into the solar interior before being refracted back to the surface. While the acoustic disturbance is necessarily observed at the surface, these images render the perspective of an acoustic observer looking upward into the base of the source from thousands of km beneath it. In subjacent-vantage holography, the computational pupil is substantially an inversion of that in familiar lens optics. As the angle, θ, of illumination at the focal point increases, the angular distance, ρ, along the pupil from its center, above the focal point, decreases rather than increases as it does in familiar lens optics.
Comparing the straight ray paths in Figure 3 that apply in a uniform medium with their curved counterparts, it will become apparent that the annular pupil applied in subjacent-vantage holography is somewhat of an inversion of that which applies in lens optics in a uniform medium. The ray directed toward the outer radius of the supposed lens comes to the surface at the inner radius of the annular pupil. Indeed, the diffraction limit of the reconstruction is primarily characteristic of the inner radius, the smaller that being the finer the resolution attained. Figure 4 shows the result of subjacent-vantage egression-power holography applied to surface observations of a computational simulation of random acoustic disturbances generated just beneath the surface of an acoustic medium that conforms to the solar-interior model of Christensen-Dalsgaard, Proffitt & Thompson (1993) . In this simulation, alpha-numeric absorbers, are placed (1) at the surface of the model, and (2) , the absorbers are confined to infinitely thin sheets. Submergence of the focal plane beneath an absorber results not in its disappearance but rather a defocusing of the signature. Diffuse signatures beneath the surface absorbers (frames b and c) and above the submerged absorbers (frames d and e) are a defocus artifact of absorption only at the surface or 56 Mm beneath it and not a signature of additional absorption between those depths.
It is important to observe the distinction between egression-power signatures and the physical properties of the medim that give rise to them. The egression-power signatures of sharp or compact features in egression power maps, for example, may look rather like the source distributions that generate the acoustic waves the signatures represent. However, a diffuse signature may simply represent a source some distance from the focal plane, which itself contains no sources or absorbers whatever. Skartlien (2001) and Skartlien (2002) develop the interesting problem of focus-defocus diagnostics to recover realistic source distributions from egression-power signatures.
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Helioseismic observations
A wide variety of helioseismic observations have been developed since the advent of helioseismology. The best of these in terms of spatial resolution and stability are from space-borne observatories, the Michelson-Doppler Image (MDI) (Scherrer et al. , 1995) aboard the Solar and Heliospheric Observatory (SOHO), launched by NASA 2 in 1996 and operating into late 2010, and the Helioseismic-Magnetic Imager (HMI) aboard the Solar Dynamics Observatory (SDO), launched early in 2010, also by NASA. The space-borne observatories have been reinforced by observations from a world-wide network of ground-based helioseismic observatories, the Global Oscillations Network Group (GONG), with headquarters at the National Solar Observatory (NSO), in Tucson, Arizona. During its term of operation, SOHO/MDI made full-disk line-of-sight Doppler maps at a cadence of 60 s with a spatial sampling of ∼2 arcsec in its medium-resolution mode of operation, but had a high-resolution, ∼0.5 arcsec, mode that covered only part of the solar disk. The SOHO/MDI Dopplergrams were supplemented by occasional intensity and line-of-sight magnetic observations. Since about the turn of the century, the GONG has made full-disk line-of-sight Doppler and magnetic maps and intensity maps, with a resolution of ∼2.5 arcsec at a cadence of 60 s. The SDO/HMI instrument now makes full-disk Doppler, intensity and line-of-sight magnetic maps from a variety of filtergrams at an effective cadence of 45 s with a resolution of ∼0.5 arcsec. It also makes Stokes magnetic maps with a cadence of 9 min. Figure 5 shows the results of subjacent-vantage acoustic-power holography applied to an actual magnetic region. The upper row shows maps of visible intensity (left) and line-of-sight magnetic field (right) from SOHO/MDI. The middle row shows an acoustic-power map (left) and a subjacent-vantage egression-power map (right) focused at the surface of the region, both in the 5 mHz spectrum (200-s period). The acoustic-power map shows that surface acoustic motion is heavily suppressed in the magnetic regions (Braun et al. , 1992) .
Acoustic-power holography of magnetic regions
The egression-power map shows that acoustic radiation emanating downward from the magnetic regions is similarly suppressed. 3 This phenomenon was discovered a decade before the first applications of helioseismic holography by Braun, Duvall & LaBonte (1988) by discriminating ingoing and outgoing wave fluxes in annuli surrounding sunspots. This was a major impetus in the recognition of local helioseismology as a major new field in solar seismology that would include the practical development of helioseismic holography. Both the acoustic-power maps and the egression-power maps show greater-than-normal power in the peripheries of the active region, where the magnetic field is relatively weak but still greater than it generally is in the quiet Sun. However, the relative distributions of power in "acoustic-power halos" and "acoustic-emission halos" are significantly different. For acoustic radiation with skip distances in the range 15-45 Mm, excess acoustic emission tends to be conspicuous in "magnetic neutral lines", loci along which the magnetic field is approximately horizontal, hence the vertical component of it vanishes (i.e., the line-of-sight component when Interpretation of these signatures is complicated by phase errors now known to be introduced by magnetic fields in the pupils of the acoustic regressions when active regions cannot be entirely avoided (Lindsey & Braun , 2005a) . Efforts to account for these phase errors (Lindsey & Braun , 2005a) indicate that surface features such as those seen in Figure 5 are mostly the signature of acoustic anomalies in a relatively thin surface layer. Some investigators (Kosovichev, Duvall & Scherrer , 2000) have suggested the existence of strong acoustic anomalies extending 10 or more Mm beneath sunspot photospheres. The general consensus based on helioseismic holography, however, has been that acoustic anomalies beneath about 2-4 Mm contribute relatively little, perhaps insignificantly, to helioseismic signatures in the neighborhoods of individual active regions. Because of this, the use of helioseismic holography has developed a strong focus on diagnostics of the relatively shallow subphotospheres of active regions (Lindsey, Cally & Rempel , 2011; Moradi et al. , 2010) as well as the quiet Sun. Results of these studies over the approximately 14 years since the first practical applications of helioseismic holography are considerable, and their descriptions would require more space than we can realistically appropriate in this chapter. Seismic holography of active regions is giving us deep insight into the role of flows in the neighborhoods of active regions (Braun, Birch & Lindsey , 2001) , as well the physics of slow-and fast-mode coupling of magneto-acoustic waves in active regions, which seems to be at the heart of how and why active regions suppress acoustic motion in their photospheres and strongly absorb waves that the quiet photosphere normally reflects (Cally , 2000; Cally & Bogdan , 1997; Schunker et al. , 2008; Spruit & Bogdan , 1992) . The preponderance of these results involves physics somewhat beyond the familiar scope of optics and holography. We will therefore devote the remainder of this article to two particular phenomena that appear to most easily illustrate the role optics has taken on in helioseismology: (1) acoustic-power holography of transient seismic emission from solar flares, and (2) the use of phase-correlation holography to monitor active regions in the Sun's far hemisphere. Excellent reviews of scientific results from solar acoustic holography in the general context of local helioseismology are contained in Gizon & Birch (2005) and Gizon et al. (2009). 
Holography of seismic transient emission from flares 4.1 Egression-power signature of a flare
In the solar flare of 1996 July 09, Kosovichev & Zharkova (1998) discovered the first instance of an acoustic transient released into the solar interior by a flare. The surface manifestation of this was a pattern ripples seen in Doppler maps of the active region propagating away from the site of the flare from 15 minutes to an hour after the impulsive phase, what Kosovichev & Zharkova (1998) called a "sunquake". Sunquakes are the surface signature of waves that have traveled tens of thousands of km beneath the foot points of the flare and come back to the surface tens of thousands of km horizontally from the same. Figure 6 shows this phenomenon in a flare in which it was most conspicuous, the X1.2-class flare of 2005 January 15 from NOAA 4 Active Region (AR) 10720. The top row shows intensity (left) and line-of-sight magnetic (right) maps of NOAA AR10720 within an hour before the flare. The middle-left panel shows the Doppler disturbance marking the impulsive phase of the flare, a predominantly red-shifted feature consistent with a downward motion of the photosphere of a few hundred m s −1 in a narrow channel aligned along the magnetic neutral line. An arrow, cospatially reproduced in all of the frames, points to the location of this feature. The middle-right panel shows a map of the Doppler signature filtered for temporal variations in a 2-mHz interval centered at 6 mHz 24 minutes after the impulsive phase. A second arrow in this frame points to the most conspicuous surface ripples, 15 Mm above the site of the impulsive disturbance. Nearly cospatial with the impulsive Doppler disturbance shown in the middle-left frame is an impulsive increase in the intensity of a few percent, characteristic of a small white-light flare. This is shown in the lower-left frame. Computational Seismic Holography of Acoustic Waves in the Solar Interior extrapolated subjacently backwards from the post-impulsive ripples to the impulsive phase of the flare. This source pattern is seen to conform closely to the site of both the impulsive intensity and the Doppler transient. In some sunquakes, the acoustic source distribution has coincided with apparent magnetic transients. These diagnostics have motivated models in which seismic transients are thermally driven in some instances, by pressure perturbations associated with impulsive heating Kosovichev & Zharkova , 1998; Lindsey & Donea , 2008; Moradi et al. , 2007) , and by Lorentz-force transients in others, due to the sudden release of magnetic free energy (Hudson, Fisher and Welsch , 2008) . For a general review, we refer to Donea (2011) .
Discrimination of acoustic radiation from a localized source
In an acoustic medium that conforms to invariance under time reversal, the regression operator, P + (z), that extrapolates the surface acoustic field backwards in time to a depth z has a counterpart that extrapolates it forward in time. This is accomplished simply by applying the surface disturbance, ψ, represented by surface ripples in Figure 1 , to the acoustic model forward in time, as it is observed, rather than in time reverse as illustrated in Figure 2 . This computation simply replaces the Green's function, G + , in equation (8) by its time reverse, G − , hence,
In the frequency domain,Ĥ
and in this context,Ĝ − (r, r ′ , ω)=Ĝ * + (r, r ′ , ω).
We call H − , the counterpart of the coherent acoustic egression, the "(coherent acoustic) ingression", and the operator, P − (z), that derives it from ψ the "(coherent acoustic) progression" operator, whereby equation (12) generalizes to,
For a lossless medium that conforms to time-reversal invariance, and in the limit of a pupil, P, with an infinitesimal inner radius that otherwise covers the entire solar surface, the successive application of P − (0) and P + (0) returns ψ itself:
so long as ψ represents acoustic waves that propagate downward some distance from the surface into the solar interior before they are turned back to the Sun's surface. This, along with the spatial discrimination the regression gives us with respect to waves emitted from the source region, makes it possible to isolate the component of acoustic radiation emanating from just the source region. Figure 7 demonstrates this exercise applied to the flare of 2005 January 15. The top two frames show the 6-mHz Doppler disturbances, ψ, during the impulsive phase (left) and 24 minutes after (right). Having applied P + (0) to ψ we examine the distribution in egression-power, |H + (r, t)| 2 , during the impulsive phase and outline the source region of interest. This is rendered by the parameceoid inset of the egression-power distribution in the middle-right frame of Figure 7 . We then apply a spatial mask, M, admitting only this part of H + (r, t) , and finally apply P − (0) to the masked egression to reverse the regression. The full operation, then, is ψ M (r,0 ,t)=P − (0)MP + (0)ψ(r,0 ,t).
The result, ψ M , 24 minutes after the impulsive phase is rendered in the middle-right frame of Figure 7 surrounding of the egression-power inset. The acoustic power, |ψ M (r, t)| 2 ,fr omt h e source region is rendered directly below, in the lower-right frame. The lower-left frame plots the power at this moment along a circle of radius 22.4 Mm, drawn in the lower-right frame.
The non-uniform directional distribution of the acoustic radiation is the signature of a source that is not only spatially extended, as is evident from the egression-power map, but one that is undergoing complex motion Kosovichev , 2007) . These diagnostics offer considerable promise towards an understanding of the nature of the impetus that drives transient seismic emission into the solar interior.
Seismic signatures of active regions in the Sun's far hemisphere
Time-distance statistics by Duvall et al. (1993) showed that acoustic radiation in the 2.5-4.5 mHz band propagates from the near hemisphere to the far hemisphere and back, retaining significant coherence. It might seem, then, that seismic imaging of the Sun's far hemisphere would be simply a matter of extending the pupil, P, of a holographic regression to the hemisphere opposite to the focus. The understanding here is that the pupil is in the hemisphere accessible to observations of the acoustic field, ψ; hence, the focus is in the far hemisphere. It turns out that the preponderance of acoustic radiation that survives the trip from one hemisphere to the other does so by benefit of at least one specular reflection from the surface. 5 But, these species of acoustic radiation, those which penetrate deep into the Sun's interior and skip long distances, appear to be rather poorly absorbed by most of the magnetic region. For these waves, magnetic regions act more as scatterers than absorbers. Because of this, seismic monitoring of the Sun's far hemisphere is based heavily on two basic elements:
1. phase-correlation seismology, and 2. the extension thereof to multiple-skip acoustics.
Phase-correlation holography
Acoustic-power holography is highly effective for detecting and locating local absorbers or emitters in an environment in which these are prevalent. However, it is not generally very effective for detecting elastic scatterers in a non-absorbing acoustic medium bounded by a specularly reflecting surface. A scatterer does indeed block radiation that would otherwise have registered at the focus of a holographic computation, casting a silhouette with respect to it in technical terms. However, in a nominally isotropic radiative environment, the scatterer generally replaces the radiation it blocks with radiation that would have missed the focus, filling the silhouette with radiation as bright as that which was blocked. The imposition upon efforts to detect a scatterer based on egression power, then, is rather like that upon having to see white cat in a white room. 6 It is rather the character of an efficient scatterer to shift the phase of radiation that encounters it than its intensity. and ψH * − (lower-right). We call the correlations of H ± with ψ (bottom row) the "control correlations", since they compare extrapolations of ψ from the pupil with ψ itself. The "ingression control correlation" phase, arg ψH * − , in an active region expresses how the active region shifts the phases of the acoustic signatures of waves impinging into it from beneath the photosphere. The egression-ingression correlation H + H * − characterizes how the active region reflects these same waves back into the Sun's interior. The negative deflection in its phase, arg H + H * − , for foci in the active region is the signature of reflected waves that arrive into the egression pupil up to ∼100 s ahead of their counterparts reflecting from the quiet solar surface. In recent models of sunspots, these reduced travel times appear to be largely the result of something like a ∼300 km depression in the photospheres of sunspot umbrae (Lindsey, Cally & Rempel , 2011) . This interpretation is a great oversimplification of the reality. However, because it works very well as a model, we have characterized this seismic quality of active regions as an "acoustic Wilson depression", bearing in mind a likely relationship to the well-known Wilson effect discovered by Alexander Wilson in the 16 th century. In the case of the signatures shown in Figure 8 , the phase shifts tend to be enhanced in sunspot penumbrae, where the magnetic field is highly inclined. However, these effects extend far outside of the sunspots into regions in which the magnetic field is less than 1 kG. Because of this, the integrated seismic signature of the active region is several times that due to the sunspots alone. This greatly enhances the acoustic visibility of a large active region in the Sun's far hemisphere. And, unlike in the case of absorption, the phases of waves that skip long distances are roughly as sensitive sensitive to the acoustic Wilson depression as those whose phase perturbations are mapped in Figure 8 .
Multiple-skip holography
Because the sound speed in the solar interior increases by such a large factor from the surface to the Sun's core, only a small fraction of the acoustic radiation generated at the surface penetrates deep beneath the Sun's surface before coming back to the surface. The ray paths that connect a point at the center of the far hemisphere to a pupil in the near hemisphere whose radius is 0.9 times the radius of the solar disk must emanate downward within a vertical cone whose half-angle, α,i s0 . 2 2 • , a rapidly decaying quasi-exponential function of the skip distance. The resulting diffraction limit,
-where c = 8kms −1 is the photospheric sound speed and T ∼ 300 s, is the wave period-is prohibitive: For a conical half-angle, α,of0.22 • , w is 630 Mm, nearly a solar radius and much larger than the largest active regions, even including their plages. Fortunately, waves with periods of ∼300 s incident into the Sun's surface from beneath it are known to be largely reflected back into the solar interior Duvall et al. (1993) . The reflection is of good specular quality, such that coherence is significantly preserved over a several skips beneath the Sun's surface . It is straight-forward to formulate the Green's functions, G ± , to account for this, making multiple-skip holography practical. Ray paths that cover the same distance in two skips, by reflecting once from the solar surface subtend a cone that is much wider (i.e., not nearly as decayed), by a factor of a factor of about five, to 1.2 • . The extra skip, then, greatly improves the diffraction limit, w,t o∼120 Mm, the scale of a moderately large active region. seismic synoptic monitors presently operating at the headquarters of the NSO/GONG project, in Tucson, and the Joint Science Operations Center of the SDO, at Stanford University. The acoustic travel times along the trajectories plotted in Figure 9 are approximately 3.5 hours from the near hemisphere to the focus in the far hemisphere. The round trip travel time, then, for a disturbance in the near hemisphere to its echo in the near hemisphere from the focus is about 7 hours. To detect the phase correlation between H + and H − , then, requires observations of the near hemisphere for at least this period before correlation statistics can begin to accumulate. The first far-side seismic maps, based on 2×2-skip acoustics were published by , computed from helioseismic observations by SOHO/MDI. The Solar Oscillations Investigation (SOI) at Stanford University implemented a synoptic far-side seismic monitor using the 2×2-skip algorithm in early 2001, which continued to operate until the recent expiration of SOHO/MDI in early 2011. The 2×2-skip algorithm is only sensitive to active regions within ∼50 • of the antipode of disk center in the near hemisphere. Braun & Lindsey (2001) extended the algorithm to cover the full far hemisphere by incorporating 1×3-skip acoustics. Both the GONG and the SDO now have synoptic far-side seismic monitors covering the full far hemisphere of the Sun. Figure 10 shows maps of the phase of H + H * − of the far hemisphere computed from GONG observations, using the foregoing schemes to cover the full far hemisphere. In this presentation, the "Carrington" mapping, the Sun's surface is rendered by longitude and latitude in a co-rotating reference frame in which active regions are nearly stationary. Hence, it is the region viewable from Earth that moves, from right to left as the Sun rotates from east (left) to west (right) with respect to Earth. Each map represents a compilation of statistics from observations over a 24-hour period, effectively 17 hours when an account is taken of the 7-hr round-trip travel time. The signature of what was to be designated NOAA AR10808 is seen passing across the far eastern hemisphere from Earth perspective, rotating into direct view a week after crossing far-side central meridian. Upon its arrival at the eastern limb, this active region released an X17-class flare, one of the most intense in recorded history-and one of the best observed, largely because of preparations motivated by expectations based on the holographic signatures. For a deeper discussion relating holographic phase-correlation signatures in the far hemisphere to magnetic and other signatures as directly viewed in the near hemisphere, we refer to González Hernández, Hill & Lindsey (2007) . The ability to monitor activity in the Sun's far hemisphere has become a major asset in space-weather forecasting , including solar-irradiance forecasting (Fontenla, et al. , 2009) . UV solar irradiance has a strong effect the terrestrial ionosphere and exosphere, which determines the rates at which the orbits of spacecraft and space debris decay. Improved forecasting of solar UV irradiance is therefore a major object of agencies whose task is to keep track of a large inventory of orbiting debris from ground-based observations that can be interrupted by poor weather. It also occasionally happens that a flare or coronal mass ejection (CME) emanating from the Sun's far hemisphere has a significant effect on the near-Earth environment. An example of this was the halo CME of 2001 August 15-16. The upper-right panel of Figure 11 shows an image of the CME in the Large Angle Spectrometric Coronagraph (LASCO) aboard SOHO at the outset of its progression into the interplanetary medium. The lower-right panel shows the 2×2-skip phase-correlation map from Earth perspective, the signature of a newly born active region appearing below and somewhat to the left of far-side disk center, having crossed far-side central meridian about a day before. NOAA designated this AR09591 a few days after it rotated into direct view from Earth. The lack of significant X-ray emission from this event (lower-left panel) is simply a result of its having occurred in the far hemisphere. I.e., copious X-rays must certainly have been released by such an event, but these would have been radiated into the far side of the solar system, hence invisible from Earth. This does not apply to high-energy charged particles, which are strongly deflected by magnetic fields that are probably involved in their acceleration, possibly a considerable distance from the location of the active region as indicated by its helioseismic signature. As the upper-left panel of Figure 11 shows, a considerable flux of high-energy protons showered the near-Earth environment promptly following the appearance of this CME. In this instance, this happened to be of significant concern to crew members of the International Space Station (ISS), who were undertaking an extra-vehicular activity (EVA) at the time. Events such as that shown in Figure 11 happen rarely, perhaps only once in an 11-year solar-activity cycle, and helioseismic signatures of active regions in the far hemisphere cannot give us a very reliable assessment of the potential of an active region in the far hemisphere breaking all rules of fairness and decency to impose upon the near-Earth environment this way. Indeed, we do not yet have this capability even for an active region in direct view, in which case the particle flux to be expected is many times greater, posing a significant health hazard to an exposed crew. The ability to monitor large active regions in the Sun's far hemisphere nevertheless greatly facilitates planning of activities to which flares pose a considerable liability, particularly on time scales of a week or two when the existences of active regions that could produce them have yet to be announced by any other means. Since its implementation in the early 2000s, the helioseismic monitor of the Sun's far hemisphere has been complemented by measurements of Ly-α radiation back-scattered from 101 Computational Seismic Holography of Acoustic Waves in the Solar Interior Fig. 11 . High-energy-proton and X-ray fluxes associated with a large far-side CME occurring on 2001 August 15-16 . Panel a shows plots of the proton flux detected by the GOES-10 spacecraft at energies ranging from 40 to 500 MeV in 96-hr period beginning at 2001 August 15, 00:00 UT. Panel b shows plots of the 1-8Å X-ray flux in the same time frame. Panel c shows a LASCO image of the CME at August 16, 00:31 UT, approximately one hour after first evidence of the CME in the LASCO coronagraphs. The Sun's surface is represented by a solar icon at the center of the LASCO image. A closed contour drawn on the solar icon represents the location of active regions in the Sun's far hemisphere that were to be designated 9557 and 9591 a few days later when they rotated into direct view. Panel d shows a far-hemisphere map of arg H + H * − as viewed from LASCO perspective through the near hemisphere and intervening solar interior. The composite signature of the two active regions is seen approximately 0.3 solar radii south (below) and slightly east (left) of far-side disk center. the interplanetary medium in the far side of the solar system, the major component of which originates from active regions in the Sun's far hemisphere (Fontenla, et al. , 2009; Quemerais & Bertaux , 2006) . The instrument that makes these measurements is the Solar Wind ANisotropies (SWAN) experiment, on SOHO. As of early 2011, NASA's two STEREO spacecraft have had full coverage the Sun's far-hemispheric corona with X-ray observations. The STEREO spacecraft will continue to enjoy this full far-hemispheric coverage until about 2019.
The future of helioseismic holography
Helioseismic holography will certainly continue to play a major role in helioseismology, and in solar research at large, for the foreseeable future. Nearly all of the applications to date have focused on relatively compact anomalies near the Sun's surface. This is largely because these manifest the strongest and most compact signatures, the ability of which to discriminate spatially is the significant advantage of the optical perspective. And, in certain respects, these superficial features play the role of an "acoustic showerglass" we have to look through to see what lies beneath them (Lindsey & Braun , 2005a; . However, the availability of ever more powerful computing facilities encourages the extension of seismic holography deep into the solar convection zone. This offers the possibility of new insight into the workings of the solar dynamo, the origin of emerging solar activity. The prospect of seismic holography of the deep solar interior is further encouraged by plans under development by NASA and ESA 7 to include helioseismometers on spacecraft in heliocentric orbits with direct vantages into the Sun's far hemisphere. Simultaneous seismology of both hemispheres offers the best prospects for rotational diagnostics of the Sun's core, which maintains the nuclear reactions that have kept the Sun alive for eons. The application of seismic holography to more than a hundred emerging active regions during solar cycle 23 shows tantalizing signatures up to three days before the significant emergence. These signatures are not strong enough to forecast active-region emergences on an individual basis. However, the statistical existence of these signatures has major implications respecting the dynamics of magnetic flux approaching the Sun's surface from below. This entails the tantalizing suggestion that such a forecast will be possible once we understand the dynamics underlying the pre-emergence signatures. In summary, then, this book adds to a wide consensus that optics must certainly be one of the extremely few most powerful diagnostic tools nature has given us. The extension of electromagnetic optics to other wave-mechanical resources has already been a very welcome development such as in electron microscopy, acoustic microscopy, under-water acoustics and geoseismology. It is now beginning to render major benefits in our understanding of the interior workings of the star we live by. Helioseismic holography is a young and growing field of scientific research. We are convinced it will lead to many satisfying benefits in the coming generation.
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